We derive an exact expression for the radiation pressure of a quasi-monochromatic plane wave incident from the free space onto the flat surface of a semi-infinite dielectric medium. In order to account for the total optical momentum (incident plus reflected) that is transferred to the dielectric, the mechanical momentum acquired by the medium must be added to the rate of flow of the electromagnetic momentum (the so-called Abraham momentum) inside the dielectric. We confirm that the electromagnetic momentum travels with the group velocity of light inside the medium. The photon drag effect in which the photons captured in a semiconductor appear to have the Minkowski momentum is explained by analyzing a model system consisting of a thin absorptive layer embedded in a transparent dielectric.
Introduction
In a previous paper [1] we showed that the momentum density p of a plane electro-magnetic wave inside a dispersionless dielectric medium may be expressed as the average of the Minkowski and Abraham momentum densities [2] , namely,
Here the complex amplitudes of the electric and magnetic fields within the medium of refractive index n are denoted by E and H, respectively; B = µ o H, and D = ε o E + P = ε o ε E, where P is the polarization density induced in the medium by the local E-field. ε o is the permittivity and µ o the permeability of free space; ε = n magnetic momentum inside the dielectric, while an additional momentum is transferred to the medium in the form of mechanical force. Equation (1a) may be rewritten as follows: p = ½Real (E × H*)/c 2 + ¼ Real (P × B*).
In the above equation, the first term is the Abraham momentum density of the field, while the second term is the mechanical momentum density imparted to the medium. (If the coefficient of the second term were ½ instead of ¼, the total momentum density p would have been equal to the Minkowski momentum.) The electromagnetic and mechanical momenta of the light inside the dielectric are not decoupled from each other. This fact is better appreciated if one observes, for instance, that the same beam of light, upon emerging into the free-space at the exit facet of a dielectric slab, recovers its total initial momentum (i.e., the momentum it possessed before entering the slab) by re-converting the mechanical momentum (manifested in the motion of the medium) to electromagnetic momentum [1]. If, for simplicity's sake, we assume that the entrance and exit facets of the dielectric slab are anti-reflection coated, then, upon transmission, the emerging beam's momentum will be identical to the momentum it possessed before entering the slab; in other words, the (partial) conversion of the beam's momentum into mechanical form that takes place while the beam passes through the slab, is fully reversed when the beam leaves the slab and returns to the free space. Another example of the "connectedness" of the electromagnetic and mechanical momenta was provided in [6] , where the radiation pressure on a dielectric wedge and its surrounding liquid was found to arise from the total momentum of the beam as opposed to, say, from one or the other of its constituents.
The present paper extends the results of our previous work to the case of light beams that propagate in dispersive dielectrics. We show that the earlier results obtained for nondispersive media remain valid if the Abraham momentum is assumed to travel with the group velocity V g = c/(n + n′ f ) inside the dielectric. ( f is the optical frequency; n′ = dn/df is the derivative of the refractive index n.) Our new expression for the mechanical momentum density reverts to the old expression, ¼ Real (P × B*), in the limit of n′ → 0, i.e., when the medium becomes dispersionless. Finally, to resolve the discrepancy between the theory and certain experiments in which the light appears to possess the Minkowski momentum, we propose a model system for analyzing the photon drag effect observed in certain bulk semiconductors. Figure 1 shows a beam of light consisting of two equal-amplitude plane-waves of differing frequencies f 1 and f 2 , incident on a semi-infinite dielectric medium of refractive index n( f ). The beam is linearly polarized, having its E-field along the x-axis and H-field along the yaxis. The field amplitudes in free space are given by
Superposition of two plane waves in free space
Here Z o = √µ o /ε o is the free-space impedance, and c = 1/√µ o ε o is the speed of light in vacuum.
The traveling wave is readily seen to be a sinusoid of frequency f = ½( f 1 + f 2 ), modulated with another (envelope) sinusoid of frequency ∆f = f 2 -f 1 , exhibiting a beat period T = 1/∆f, and traveling (in free-space) with the speed c. The Poynting vector S = E × H has a component only along the z-axis, S z (z, t) = E x (z, t)H y (z, t). For a fixed value of z, if S z (z, t) is averaged over the time interval T, and if terms of order ∆f and higher are neglected, the time-averaged Poynting vector will become independent of the coordinate z, and will be given by
(The above equation will be exact, i.e., terms in ∆f and higher order will be absent, if f = N ∆f, i.e., if the center frequency happens to be an integer-multiple of ∆f.) Each participating frequency thus contributes its own (time-averaged) Poynting vector < S z > = ½E o 2 /Z o to the energy flux of the beam. The time-averaged momentum density of the beam (i.e., momentum per unit volume), p z = < S z >/c 2 , is thus uniform throughout the free-space region, having equal contributions from the two frequency components of the beam. 
is normally incident on a semi-infinite dielectric of refractive index n( f ). The beam is linearly polarized, having its E-field along the x-axis and H-field along the y-axis.
While a fraction of the beam is reflected at the surface, the remainder enters the dielectric, penetrating it at the group velocity V g = c/(n + n′ f ). Here f = ½( f 1 + f 2 ) is the center frequency, and n′ = dn/d f ; both n and n′ are evaluated at the center frequency.
Suppose now that the beam reaches the interface with a dielectric medium of refractive index n( f ), as shown in Fig. 1 . Each frequency component gets reflected at the interface, with an (amplitude) reflection coefficient ρ = (1 -n)/(1 + n). The time rate of change of the optical momentum q on the vacuum side of the interface is then equal to the rate of arrival of the incident momentum,
, plus the rate of departure of the reflected optical momentum, namely,
In the limit f 1 → f 2 , the refractive indices n 1 , n 2 in Eq. (4a) are nearly identical, and the above expression simplifies to
where n = ½(n 1 + n 2 ). Momentum conservation requires the above d q z /dt to be balanced by the force exerted on the dielectric medium plus the time rate of change of any momentum taken by the transmitted beam into the dielectric.
Superposition of two plane waves in a dielectric medium
Inside the medium, each frequency component arrives with an amplitude transmission coefficient (for the E-field) given by τ = 2/(1 + n). The transmitted E-and H-fields may thus be written as follows:
As before, the Poynting vector may be calculated and time-averaged over one beat period T. Once again, ignoring the terms in ∆f and higher order (or assuming f = N ∆ f so that these terms would automatically vanish), we find the average rate of flow of energy (per unit area per unit time) within the dielectric medium to be independent of z and given by
The electromagnetic (Abraham) momentum inside the dielectric whose volumetric density p z = < S z >/c 2 must propagate with the group velocity V g = c( f 2 -f 1 )/(n 2 f 2 -n 1 f 1 ) = c/(n + n′ f ). Here n = ½(n 1 + n 2 ), f = ½ ( f 1 + f 2 ), and n′ = (n 2 -n 1 )/( f 2 -f 1 ) is the derivative of n with respect to frequency. In the limit f 1 → f 2 , the refractive indices n 1 and n 2 appearing in Eq. (6) are nearly identical, and the time rate of flow of the electromagnetic momentum through the medium is given by
Clearly, this is not equal to the momentum flux across the vacuum-dielectric interface given by Eq. (4b). The reason for the discrepancy is that some of the incoming momentum has been converted into mechanical force exerted on the dielectric medium. To compute this force we use the Lorentz law, taking into account the fact that the polarization density within the medium is P (z, t) = ε o (ε -1)E(z, t), where ε = n 2 is a function of the frequency f. The bound current density is thus given by
The Lorentz force density F z (z, t) = J x × µ o H y is obtained by multiplying Eqs. (8) and (5b).
At time t the leading edge of the beat "waveform" (see Fig. 1 ) has penetrated a distance z o = V g t into the dielectric. The integrated force density from z = 0 to z o thus yields the force per unit cross-sectional area, F z (t), exerted at time t on the medium. We find
Averaging F z (t) over the duration of a single beat waveform, T = 1/( f 2 -f 1 ), we find that the second, third, fourth, and fifth terms in the above expression contribute very little to the average force, and that the only significant contribution arises from the first term, namely,
In the limit f 2 → f 1 the above expression simplifies to yield the net (average) force per unit cross-sectional area exerted on the dielectric medium as follows:
In averaging F z (t) of Eq. (9) over the time interval T, we neglected the contributions of all but the first term. This is easily justified for the third, fourth, and fifth terms, which exhibit rapid oscillations. However, the second term is harder to neglect, especially when n′ ≈ 0 (i.e., for a nearly dispersionless medium), because the cosine term under these circumstances is not rapidly oscillating. However, the magnitude of the second term is proportional to ∆ n ∆ f, which reduces the term's significance when the cosine is weakly oscillating. All in all, the time average of the second term in Eq. (9) turns out to be negligible even when the medium is dispersionless (or nearly so).
Adding < F z > of Eq. (11) to the rate of flow of the electromagnetic (i.e., Abraham) momentum inside the dielectric given by Eq. (7) yields:
This is identical to the total momentum per unit area per unit time imparted to the dielectric as given by Eq. (4b). We have thus confirmed the conservation of momentum in the system of Fig. 1 by deriving the expression for the radiation pressure, Eq. (11), and by requiring propagation at the group velocity V g for the electromagnetic momentum inside the medium; see Eq. (7). If mechanical momentum is assumed to travel through the dielectric with the group velocity V g , a mechanical momentum density p z (mech) = < F z >/V g can be defined which, combined with the electromagnetic momentum density p z (Abraham) = < S z >/c 2 , accounts for the total optical momentum residing in the medium. In the limit when n′ → 0, for each frequency component of the beam (i.e., 
The photon drag effect
An intriguing experimental observation in certain (weakly absorbing) semiconductors, notably Si and Ge, is the photon drag effect [7] . When a photon of energy hf from a monochromatic beam (vacuum wavelength λ o = c/f ) is absorbed within a semiconductor of refractive index n (i.e., the real part of the complex refractive index n + iκ, whose imaginary part is the absorption coefficient κ ), the excited charge carrier acquires a momentum equal to nhf /c, the so-called Minkowski momentum of the photon. In contrast, the photon's Abraham momentum -seen from the preceding section's discussions to be hf / [(n + n′ f ) c] -is clearly different from the Minkowski momentum. Combining the photon's electromagnetic and mechanical momenta does not resolve the discrepancy either, as the total photon momentum, ½ [n + (1/n)] hf /c, differs from the Minkowski momentum as well.
Loudon et al [8] have given a comprehensive theory of the photon drag effect, arguing that the "transparent part" of the semiconductor (associated with the real part of the complex refractive index) takes up the difference between the photon's momentum and the Minkowski momentum, when the latter is transferred to the "absorbing part" of the material (i.e., the part associated with the imaginary component of the complex refractive index). We present a similar (though by no means identical) explanation of the photon drag effect by showing that the momentum picked up by a thin absorbing layer embedded in a transparent dielectric is equal to the Minkowski momentum of the incident photon.
With reference to Fig. 2 , the reflection and transmission coefficients of an absorbing layer of thickness d and complex index n + iκ, in the limit of d << λ o (where λ o is the vacuum wavelength of the incident beam), can be shown to be
The above equations are obtained by assuming the existence of a pair of counter-propagating plane-waves in the absorbing layer, then determining the various unknown amplitudes by matching the boundary conditions for the E-and H-fields while ignoring second-and higherorder terms in d/λ o . (The algebra is straightforward but tedious.) The absorbed optical power γ within the layer is thus given by 
Thus <F z > = (n/c)γ, namely, the force experienced by the absorbing layer is (n/c) times the captured optical power. Consequently, the momentum transferred to the layer in a given time interval ∆t must also be (n/c) times the energy absorbed by the layer during the same time interval. For a captured photon of energy hf the momentum transfer is thus equal to nhf /c, i.e., the Minkowski momentum of the photon in its dielectric environment. Since this is greater than the total photon momentum prior to being absorbed, the host medium (i.e., the dielectric) must experience a recoil equal to the difference between the incident photon's initial momentum and the Minkowski value picked up by the excited charge carrier.
